The linearized massive gravity in three dimensions, over any maximally symmetric background, is known to be presented in a self-dual form as a first order equation which encodes not only the massive Klein-Gordon type field equation but also the supplementary transverse-traceless conditions. We generalize this construction to higher dimensions. The appropriate dual description in d dimensions, additionally to a (non-symmetric) tensor field h µν , involves an extra rank-(d-1) field equivalently represented by the torsion rank-3 tensor. The symmetry condition for h µν arises on-shell as a consequence of the field equations. The action principle of the dual theory is formulated. The focus has been made on four dimensions. Solving one of the fields in terms of the other and putting back in the action one obtains two other equivalent formulations of the theory in which the action is quadratic in derivatives. In one of these representations the theory is formulated entirely in terms of a rank-2 non-symmetric tensor h µν . This quadratic theory is not identical to the Fierz-Pauli theory and contains the coupling between the symmetric and antisymmetric parts of h µν . Nevertheless, the only singularity in the propagator is the same as in the Fierz-Pauli theory so that only the massive spin-2 particle is propagating. In the other representation, the theory is formulated in terms of the torsion rank-3 tensor only. We analyze the conditions which follow from the field equations and show that they restrict to 5 degrees of freedom thus producing an alternative description to the massive spin-2 particle. A generalization to higher dimensions is suggested. 
Introduction
Massive gravity is one of the interesting directions of current research actively discussed in the literature. The on-going research appears to converge towards a formulation of a consistent non-linear theory (for a review of the current status and for the recent developments see [1] ). Nevertheless, it is always desirable to develop alternative ways to approach the problem. In the present paper we develop one such approach, at the present stage still at the linearized level, based on the use of first order field equations.
The starting point for the present work is the observation [2] , [3] that in three spacetime dimensions, on the background of a maximally symmetric metric, the wave equation for a massive graviton together with the supplementary (gauge) conditions can be written as a single first order equation 1) where ∇ α is a covariant derivative with respect to a maximally symmetric metric g αβ . Indeed, provided the tensor field h µν is symmetric and satisfies this equation, then it is automatically traceless and transverse, 2) and, squaring the equation (1.1), we produce the second order equation
3) where = ∇ α ∇ α and s is the signature of spacetime. The equation (1.1) appears in the linearized gravitational equations (see for instance [4] ) obtained by varying the gravitational action which is the sum of the Ricci scalar and the gravitational Chern-Simons term, a model of massive gravity first proposed in [5] .
In a generalization of the equation (1.1) to higher dimensions, assuming that in the right hand side there still should stand the rank-2 tensor h µν , we find that the left hand side should contain a tensor of rank-(d-1),
Thus, in higher dimensions we would need two independent fields h µν and B α 1 ..α d−1 ,µ and hence the equation (1.4) should be accompanied by a second equation
(1.5)
Equations (1.4) and (1.5) demonstrate a certain duality between fields h µν and B α 1 ..α d−1 ,µ . Only in three dimensions, d = 3, the tensor B has two indexes and can be identified with the tensor h µν so that in this case we have a self-dual description (1.1) of a massive graviton.
In the present paper we mostly focus on the four-dimensional case, d = 4, and study how the equations of the type (1.4) and (1.5) can be obtained from an action principle. Since the peculiarities of the appropriate action principle can already be seen in three dimensions we start by reviewing the known results in d = 3. Throughout the paper the background metric g µν is considered to be a maximally symmetric metric, so that one has for the Riemann tensor in d dimensions 6) where the Ricci scalar is constant of any type (R > 0, R = 0, R < 0). We also quote the contraction formula for the product of two ǫ-tensors in d dimensions
where s is the signature of the spacetime, which will be othen used in the paper.
Self-dual massive gravity in three dimensions
A curious fact about the equation (1.1) is that it can not be obtained from an action written in terms of a symmetric tensor h µν . So that in the action one has to consider a non-symmetric tensor field h µν . The symmetry condition then arises as a consequence of the field equations. The action then takes the form [2] 8) where h = g µν h µν is the trace. Variation with respect to h µν gives the equation [2] 
The equation (1.1) is a consequence of this equation that can be shown in few steps. First, let us take the covariant divergence of (2.9). Then, commuting the covariant derivatives and using that for a maximally symmetric metric the Riemann tensor takes the form (1.6), we obtain that
On the other hand, the contraction of (2.9) with the ǫ-tensor gives 11) where an identity ǫ αβµ ǫ µσρ = (−1)
) is used. Combining these two equations and assuming that the curvature R is generic so that R = (−1) s 6m 2 , we obtain that h µν satisfies equations
The second equation in (2.12) means that the antisymmetric part of h µν is zero, i.e. h [µν] = 0. Hence, the tensor field h µν is symmetric. Moreover, the trace of h µν vanishes, h = 0, as follows from the trace of (2.9) provided the second equation (2.12) is used. Thus, we see that the tensor field h µν satisfying the equation (2.9) is indeed a symmetric, traceless and transverse tensor (1.2) and the equation (2.9) reduces to the equation (1.1) in the Introduction.
The linearized massive gravity in four dimensions
Our goal in this section is to find a generalization of the first order theory in three dimensions to the four-dimensional case. As we discussed in the Introduction the theory in this case should contain an additional rank-3 tensor field B αβ,µ = −B βα,µ so that one should have two independent equations sufficient to prescribe the dynamics for all fields in question. The field equations are of the type (1.4) and (1.5) . We start our analysis with derivation of the action.
1. The action and the field equations. As in three dimensions, in the action we have to assume that the tensor field h µν is not symmetric,
The equations of motion for the fields h µν and B µν,α take the form
where we introduced B µ = B σ µσ, . These equations describe a massive spin-2 particle as we now show.
Constraints
1 . The covariant divergence of the first equation in (3.15) , taking into account that the background metric is maximally symmetric and hence the relation (1.6) should be used, produces (3.16) while the contraction of the second equation in (3.15) with ǫ-tensor gives
Provided the background curvature R = −6(−1) s m 1 m 2 these two equations produce the constraints
The second constraint in (3.18) implies that the tensor field h µν is traceless, h = 0, that can be seen by taking trace of the first equation in (3.15) . More constraints can be found by playing with equations (3.15) . Contracting the first equation in (3.15) with ǫ-tensor we obtain
while taking the divergence with respect to third index in the equation for B µν,α in (3.15) we find (3.20) Combining these two equations we obtain the constraints
The first constraint implies that the tensor field h µν is symmetric, h [µν] = 0. Then, contracting any two indexes in the second equation in (3.15) we conclude that B α = 0 and, as follows from (3.21), ∇ σ B µν,σ = 0. One obtains one more constraint by taking the divergence with respect to first index in the equation for B µν,α . By using the relation (1.6) for the Riemann curvature one then finds that ∇ µ B µν,α = 0.
3. Number of degrees of freedom. Let us list all the constraints we have found. The field h µν satisfies conditions (3.22) which indicate that the h µν is a symmetric transverse-traceless tensor. In four dimensions this tensor has 5 independent components, the number of degrees of freedom of a spin-2 particle. The rank-3 tensor field B µν,α a priori has 24 components. The constraints
impose 19 conditions 2 on the components thus leaving us with 5 independent degrees of freedom, same number as for the tensor field h µν . Let us note that in the theory with action (3.13) the fields h µν and B µν,α are not independent variables, they are expressed one through the other. Provided h µν is considered as the primary field then the tensor B µν,α is uniquely determined by h µν or vice versa.
4. Klein-Gordon type massive field equations. With all these constraints the equations (3.15) take the form (3.24) as announced in eq. (1.4) and (1.5) in the Introduction. By squaring the equations (3.24) we arrive at the field equations quadratic in derivatives
2 This can be easily seen in flat Minkowski spacetime by first representing the components in the form B µν,α (k)e ikσ x σ . In the rest frame one has k 0 = 0 and k i = 0 , i = 1, 2, 3 . So that equations (3.23) reduce to conditions: B 0i,0 = 0 (3 conditions), B ij,0 = 0 (3 conditions), B 0i,j = 0 (9 conditions), B i ij, = 0 (3 conditions),
and we used the constraints (3.22), (3.23).
5. Coupling to matter sources and relation to the torsion. Let us consider the coupling of the fields h µν and B µν,α with matter sources t µν and S µν,α respectively, where t µν represents a canonical stress-energy tensor of the source and S µν,α is the spin tensor of the matter source. The spin tensor is antisymmetric, S µν,α = −S νµ,α . On the other hand, in the presence of the spin tensor the stress-energy tensor is not symmetric. In a theory of gravity in which the gravitational variables are the metric g µν and the torsion Q µν,α the sources satisfy the identities (see [6] for more details) (3.26) where Q µ = Q ν µν, and∇ α andR αβµν are respectively the covariant derivative and the curvature defined with respect to the Riemann-Cartan connection.
The total action then reads
(3.27)
The reasons for the chosen form of the spin-field B coupling will be clear in a moment. In the presence of matter the field equations read
We do not expect all constraints (3.22) and (3.23) to be valid when the coupling to matter is considered. However, we do want the relation
to still hold and we want the field h µν to be symmetric. These two conditions will impose certain restrictions on the stress-energy tensor t µν and the spin tensor S µν,α of the matter source. Here we shall identify those restrictions. The strategy remains the same as before. We find from the first equation (3.28 ) that
On the other hand, the contraction of second equation in (3.28) with the ǫ-tensor will produce the relation
Combining the two equations (3.30) and (3.31 and imposing condition (3.29) we find a relation to be satisfied by the matter tensors (3.32) In order to analyze the symmetry condition for the tensor h µν we contract the first equation (3.28) with the ǫ-tensor and obtain that
The we compute the divergence of the second equation (3.28 ) and find that
Combining the two equations (3.33) and (3.34) and imposing the symmetry condition h [µν] = 0 we find another relation to be satisfied by the matter source
It is now not difficult to see that, provided the background torsion is zero and the background metric is maximally symmetric, the equations (3.32) and (3.35 ) are identical to the relations (3.26) that appear in the Riemann-Cartan geometry. This in particular explains our choice for the spin coupling in the action (3.27) . Moreover, since in the Riemann-Cartan geometry the spin tensor couples to torsion we can identify the relation between our field B µν,α and the torsion Q µν,α :
This is a rather surprising observation since we did not implement in the theory any new geometric structure other than the standard Riemann geometry. What is interesting and perhaps non-standard from the point of view of the Riemann-Cartan geometry is that the torsion (3.36), on-shell, is completely determined by the metric and vice versa. In the standard approach the metric and the torsion are considered as two independent variables. Having identified our field B µν,α as the torsion we can now invert the logic. Let us assume that the matter source satisfies the conditions (3.32), (3.35) or, equivalently, (3.26 ). Then we deduce from the field equations (3.28) that the field h µν is symmetric and satisfies the condition (3.29).
6. The theory expressed in terms of h µν . As we have already noted, the equation (3.15) can be used to express the field B µν,α is terms of the rank-2 tensor field h µν . After substitution back to the action (3.13) this would give us an action, quadratic in derivatives, expressed in terms of the field h µν only,
The field equations which follow from this action can be brought to the form
where m 2 = −(−1) s m 1 m 2 /2. On a maximally symmetric background the tensor D µν (h) has the following properties
Combining these properties with the equation (3.38) one finds that ∇ µ h µν = 0 and h = 0. The tensor D µν (h) then can be brought to the form
The antisymmetric part of the equation (3.38) then reduces to an algebraic equation on the antisymmetric part of h µν
which in a generic case, when R = 6m 2 , implies that the antisymmetric part is vanishing, h [µν] = 0. The equation (3.38) for the symmetric part h (µν) then reduces to the massive KleinGordon equation (3.25) .
Thus, the action (3.37) describes correctly the spin-2 degrees of freedom. It is surprising that this action is different from that of Fierz-Pauli [7] . The two actions are different even when considered on a symmetric tensor field h µν . The difference appears in the structure of the kinetic terms. The most striking peculiarity of the action (3.37) is that it contains a coupling in the kinetic term between the symmetric and antisymmetric parts of the field h µν . Moreover, the trace h does not appear at all in the kinetic term. The respective term in the field equation (3.38) can not be identified with a linearized expression for a curvature tensor satisfying the Jacobi identity. Nevertheless, the tensor D µν (h), containing only the second derivatives of h µν , is divergence-free in flat space-time, ∂ µ D µν (h) = 0. This is a manifestation of the invariance of the kinetic term in (3.37) (and, in fact, of the kinetic term in (3.13)) under the gauge symmetry (3.42) where ξ µ is an arbitrary vector.
7. The propagator. Let us focus on flat Minkowski spacetime equipped with metric η αβ . The field equation (3.38) for the tensor field h µν is represented as (3.43) where the field operator (3.44) In the momentum space we have to replace ∂ α → ik α . The propagator P αβµν then satisfies the relation (we remind that the field h µν is not a priori symmetric)
The propagator can be decomposed on symmetric and antisymmetric parts with respect to the two groups of indexes, P αβµν = P (αβ)(µν) + P [αβ] (µν) + P (αβ) [µν] + P [αβ][µν] . (3.46) For the symmetric components of the propagator we find 3.47) where P P F αβµν is the propagator in the Fierz-Pauli theory [7] of massive gravity, (3.48) where
For the other components of the propagator we find that
We see that the propagator (3.46) in the theory (3.38) differs from the propagator in the FierzPauli theory only by regular terms. Thus, the only singularity in the propagator is identical to that of the Fierz-Pauli theory that corresponds to a massive spin-2 particle. The theory (3.38) then does not contain any physical or non-physical states (considered as poles in the propagator) other than that of the massive graviton. We should note that the theory (3.38) could be viewed as a counter-example to the statement made long ago in [8] that the only consistent theory of a rank-2 tensor h µν that does not contain neither ghosts nor tachyons is the one in which the symmetric and antisymmetric parts of h µν decouple. The theory at hand does contain this kind of coupling, nevertheless it is free of the mentioned pathologies. The antisymmetric part of h µν does not seem to be dynamical in the theory (3.37) since the relevant part (3.50) of propagator does not contain any pole, although its presence is essential to have a consistent theory. In fact, imposing the condition that the antisymmetric part of h µν vanishes in the action (3.37) we would get a theory of the symmetric h µν that contains ghosts. Similarly, imposing the condition that the symmetric part of h µν is zero in (3.37) we would get a theory that effectively describes a tachyonic spin-1 massive mode. Only when the both parts, symmetric and antisymmetric, of h µν are present in the action we have a fully consistent theory without ghosts and/or tachyons. In Appendix we give some details of this analysis.
8. The theory expressed in terms of torsion Q µν,α . On the other hand, we can use the equation (3.14) and express the field h µν in terms of B µν,α or, using the relation (3.36), in terms of the torsion tensor Q µν,α . The theory then is formulated entirely in terms of the torsion with the quadratic action in the form
where m 2 = −(−1) s m 1 m 2 /2 as before and we introduced H µν = ∇ σ Q µσ,ν , H = g µν H µν . The field equation satisfied by Q µν,α is
This constitutes a formulation of the linearized massive gravity that is dual to the metric formulation in terms of rank-2 tensor field as given by equations (3.37), (3.38) . Let us analyze the equations (3.52). For simplicity we consider flat Minkowski spacetime as a background. In flat spacetime we have that ∂ µ H µν = ∂ µ ∂ σ Q µσ,ν = 0 due to the antisymmetric property of the torsion tensor, Q µσ,ν = −Q σµ,ν . Now, taking the divergence ∂ α of (3.52) we obtain that ∂ α Q µα,ν = ∂ α Q να,µ . This indicates that the earlier introduced tensor H µν = ∂ α Q µα,ν is symmetric, H µν = H νµ . As we will see in a moment namely this tensor will contain the degrees of freedom of a spin-2 particle.
The one more divergence, this time with respect to index µ, of equation (3.52) results in the equation
The antisymmetric part of this equation gives the constraint ∂ µ Q να,µ = 0 while the symmetric part takes the form of an equation for tensor H µν
The trace of this equation results in the condition that H = 0 so that (3.54) reduces to the Klein-Gordon massive equation for H µν . Collecting all the equations obtained for the tensor H µν we find that (3.55) These are exactly the conditions to be satisfied by a symmetric tensor field which describes a spin-2 particle. However, in this construction the field H µν is not a primary object but rather it is built from the torsion tensor.
Since the trace H = 0 the equation (3.52) then takes the form (3.56) It can be used to express the torsion tensor in terms of the symmetric tensor H µν satisfying equations (3.55) as follows
Together with the condition that H µν = ∂ α Q µα,ν this constitutes the field equations to be satisfied by the torsion tensor Q µν,α .
Below we list all the constraints imposed by the field equations on the torsion tensor:
The last condition follows directly from the representation (3.57) . A more detailed analysis of the constraints can be done using the the momentum representation for the torison tensor Q µν,α (k)e ikµx µ and choosing the coordinate system so that k 0 = m and k i = 0, i = 1, 2, 3. Then the analysis of equation (3.57) shows that the only non-vanishing components of the torsion are Q 0i,j subject to the symmetry condition Q 0i,j = Q 0j,i and the trace condition δ ij Q 0i,j = 0. These conditions leave exactly 5 non-vanishing components. These are the nonvanishing components of the tensor H µν = −k 0 Q µ0,ν satisfying (3.55). Finally, let us note that, as follows from the equation (3.24) , the relation between the field h µν and the torsion is
s H µν that indeed identifies the tensor H µν built from the torsion tensor as the one which describes a spin-2 particle.
It should be noted that our construction based on the action (3.51) is very similar to the recent study made in [9] where the vierbein and the spin connection as independent gravitational variables are considered. This theory, additionally to a massless graviton, contains a massive spin-2 propagating mode which originates from the torsion tensor. In particular, the equation (3.57) appears in the linearized equation for the torsion field in the model of ref. [9] . This suggests that the two theories may be closely related. We however note that in the theory we consider in the present paper the "metric" h µν and the torsion are not two independent variables. They are expressed one through the other. Hence, there is only one propagating mode, that of the massive spin-2 particle. Possibly, there is a certain truncation of the model of ref. [9] that would give rise to the theory considered here. The other related work is [10] . The model considered in that work involves the vierbein and the torsion (or the Lorentz connection) and, after gauging away the Stueckelberg fields, it appears to take a form similar (but not identical) to the one considered here. However, as the analysis shows, this theory being formulated in terms of h µν , reduces to the Pauli-Fierz theory for the symmetric part of h µν plus the massive term (without a kinetic term) for the antisymmetric part. There is no coupling between the symmetric and anti-symmetric parts of h µν in this theory. We could not find a local transformation which would bring our theory (3.37) to this diagonal form and we believe that these two theories are not equivalent. The other similar approaches which however lead to the standard Fierz-Pauli theory are [11] .
9. Generalization to higher dimensions. As we discussed in the Introduction, in a higher dimension d the tensor field h µν should be supplemented with a rank-
This tensor is equivalent to a rank-3 tensor Q µν,σ ∼ ǫ
,σ , where we omit the exact pre-factor, which can still be identified with the torsion. The theory then is most easily formulated in terms of fields h µν and Q µν,σ . The universal action which describes a massive spin-2 particle in arbitrary dimension d then takes the form
In four dimensions this action is obtained from (3.13) by re-expressing the field B in terms of the torsion using relation (3.36) and after some re-definition of parameters m 1 and m 2 in order to absorb the signature dependent factor (−1) s . We have checked that in any dimension d this action still describes a transverse-traceless symmetric field h µν (the symmetry condition follows from the field equations) which satisfies a Klein-Gordon type equation with the mass m 2 = −m 1 m 2 /2.
Conclusions
In the current literature on the massive gravity it is believed that, at the linearized level, the only consistent theory to be used is that of the Fierz-Pauli which is formulated in terms of the symmetric rank-2 tensor. The latter is naturally identified with the components of the metric (or, more precisely, with the deviation of the curved metric from that of Minkowski spacetime).
In the present paper we show that this description is not unique. Giving up the "symmetry condition", we formulate a theory which contains both the symmetric and antisymmetric parts of h µν . On the field equations the antisymmetric part of h µν vanishes. The remaining propagating degrees of freedom are that of a massive spin-2 particle. Contrary to some expectations, this theory is free of possible pathologies (ghosts or tachyons).
On the other hand, even the rank-2 tensor is not obligatory to use when we want to describe a massive spin-2 particle. In the other proposed formulation, which is dual to the one in terms of h µν , the massive spin-2 particle is described entirely in terms of a rank-3 tensor (torsion) Q µν,α . The equivalence between these two formulations is demonstrated by means of the action which contains both (non-symmetric) h µν and the torsion Q µν,α and is linear in derivatives. These equivalent formulations exist in any dimension d ≥ 4.
Of course, the most difficult part in formulating the massive gravity starts at the nonlinear level when the self-interactions are introduced. Noting the remarkable recent progress in constructing such a formulation based on the Fierz-Pauli theory we believe that the class of theories introduced in this paper should not be a priori excluded from the consideration. The study of the non-linear versions of these theories may lead to interesting and perhaps surprising development.
